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Weiner $S^{3}$ Willmore ([We]).
, 2 $S^{3}$ ([La])
, 2 $R^{3}$ W lmore
. , $S^{3}$ ([A1]) ,
$R^{3}$ Willmore . Kusner
([K1], [K2]). Willmore $S^{3}$






([Brl]). , Kusner Willmore
.
Willmore 1/2 ([An]). 1/2
:Kusner Willmore 1/2












$M$ 2 , $\iota$ : $Marrow R^{3}$ $M$ R3
. $H$ $\iota$ $M$ . $\mathcal{W}(\iota)$
$M$ $H^{2}$
$\mathcal{W}(\iota):=\int_{M}H^{2}$ dA,
dA $\iota$ $M$ . $\mathcal{W}$ $M$ $R^{3}$
, $\mathcal{W}$ –Wiumore$\text{ }$
. :
Ll ([Wil], [V 2]) $\mathcal{W}(\iota)\geqq 4\pi$ , $\mathcal{W}(\iota)=4\pi$ $\iota(M)$
(round sphere) .
, $\iota$ : $Marrow R^{n}$ $M$ $H^{\iota}$ $(n\geqq 3)$ , $H$ $\iota$ $M$
. $M$ $|H|^{2}$
$\mathcal{W}$ (\sim ) $:= \int_{M}|$H$|^{2}$ dA
.
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L2 $X$ $\mathrm{H}^{1}\cup\{\mathrm{o}\mathrm{o}\}$ , $X\circ\iota(M)$ .
:
$\mathcal{W}$(X $\mathrm{o}\iota$) $=\mathcal{W}$(t).
$n=3$ L2 White ([Wh]). Blaschke
([B1]). $n\geqq 3$ Chen
([C3]).
$S^{n}$ (1) R 1 1 , $p_{+}:=(0, \ldots, 0,1)$
$\pi$ : $S^{n}(1)\backslash \{p_{+}\}arrow\{x_{n+1}=-1\}$ $p_{+}$ $\{x_{n+1}=-1\}$ .
$\iota$ $M$ $R^{n+1}$ , $\iota(M)\subset S^{n}(1)\backslash \{p_{+}\}$ .
$\pi\circ\iota$ $M$ $R^{\iota}$ . $\pi$ $p_{+}$ 2
$S^{n}(1)\backslash \{p_{+}\}$ , 1.2 :
1.3 $\mathcal{W}(\pi 0\iota)=\mathcal{W}(\iota)$ .
1.3 , $\mathcal{W}(\iota)$ ( $S^{n}$(y )R 1
2 $M$ .
2 Willmore
$M$ $\iota$ 1 , $\xi$ $\iota$ $M$
. $M$ $f$ , $\iota_{f}$ $M\mathrm{x}R$ $R^{3}$
$p\in M$ $\iota_{f}(p, \mathrm{O})=\iota(p)$ $(\partial\iota_{f}/\partial \mathrm{t})(p, \mathrm{O})=f(p)\xi(p)$ .
$(p,t)\in M\mathrm{x}R$ , $\iota f,t(p):=\iota f(p, t)$ 0 $I$




$\iota$ Willmore , $f$
$\check{\mathcal{D}}$ :
$\frac{dw_{f}}{dt}(0)=0$ .
Willmore $\mathcal{W}$ 0 WiUmore
. $\iota$ Willmore , $M$ $\iota$ $(M, \iota)$ $M$ $\iota$
$\iota(M)$ $\underline{\mathrm{W}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{e}}$ffiffi ( Willmore $\mathcal{W}$ Willmore
). Willmore
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2.1([C2]) $M,$ $\iota$ $H$ 1 , $K,$ $\Delta$
$\iota$
$M$ Gauss $M$ Laplacian
. $\iota$ Willmore $M$
:
$\Delta H+2(H^{2}-K)H=0$ . (1)
(1) Willmore Euler-Lagrange .
2.1 $(u, v)$ $M$ $p$ $U$ . $f$ $U$
. $t\in I$ ,
$E_{f,t}:=$ (Lf,t) $u$ . $(\iota_{f,t})_{u}$ , $F_{f,t}:=(\iota_{f,t})_{u}\cdot(\iota_{f,t})_{v}$ , $G_{f,t}:=(\iota_{f,t})_{v}\cdot(\iota_{f,t})_{v}$
,






$= \int\int_{U}\{2H\frac{\partial H_{f,t}}{\partial t}|_{t=0}\sqrt{EG-F^{2}}+H^{2}\frac{\partial}{\partial t}\sqrt{E_{f,t}G_{f,t}-F_{f,t}^{2}}$
$0$
} $du$d$v$




. (3) 1 ,
$\frac{\partial H_{f,t}}{\partial t}|_{t=0}=\frac{1}{2}\{\Delta f+(4H^{2}-2K)f\}$ (5)
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. (2) ,
$\frac{\partial H_{f,t}}{\partial t}|_{t=0}=\frac{1}{2}\mathrm{t}\mathrm{r}$ $\frac{\partial}{\partial t}(\begin{array}{ll}E_{f,t} F_{f,t}F_{f,t} G_{f,t}\end{array})|_{t=0} (\begin{array}{ll}l mm n\end{array})$
$+ (\begin{array}{ll}E FF G\end{array})\frac{\partial}{\partial t}(\begin{array}{ll}l_{f,t} m_{f_{\prime}t}m_{f,t} n_{f,t}\end{array})|_{t=0} \}$
(6)
.
$(\begin{array}{ll}E_{ft} F_{ft}F_{ft} G_{ft}\end{array})(\begin{array}{ll}E_{f,t} F_{f^{t}}F_{ft} G_{f_{\prime}^{t}}\end{array})=(\begin{array}{ll}1 00 1\end{array})$
,
$\frac{\partial}{\partial t}(\begin{array}{ll}E_{f,t} F_{f,t}F_{f,t} G_{f,t}\end{array})|_{t=0} (\begin{array}{ll}E FF G\end{array})=-(\begin{array}{ll}E FF G\end{array}) \frac{\partial}{\partial \mathrm{t}}(\begin{array}{ll}E_{f,t} F_{f,t}F_{f,t} G_{f_{\prime}t}\end{array})|_{t=0}$
$=2f(\begin{array}{ll}E FF G\end{array})(\begin{array}{ll}l mm n\end{array})$
. (6) 1
$f\mathrm{t}\mathrm{r}\{($ $(\begin{array}{ll}E FF G\end{array})(\begin{array}{ll}l mm n\end{array}))^{2}\}=(4H^{2}-2K)f$ (7)
. 2 ,
$\frac{\partial}{\partial t}(\begin{array}{ll}l_{ft} m_{f,t}m_{f,t} n_{ft}\end{array})|_{t=0}=($












$(\begin{array}{ll}f_{uu} f_{uv}f_{uv} f_{vv}\end{array})-f(\begin{array}{llll}\xi_{u} .\xi_{u} \xi_{u} .\xi_{v}\xi_{u} .\xi_{v} \xi_{v} .\xi_{v}\end{array})$
$=(\begin{array}{ll}f_{uu} f_{uv}f_{uv} f_{\iota w}\end{array})-f(\begin{array}{ll}l mm n\end{array})(\begin{array}{ll}E FF G\end{array})(\begin{array}{ll}l mm n\end{array})$
(9)
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. $\partial_{i}\xi_{f,t}|_{t=0}$ $\xi$ , $U$
$\partial_{t}\xi$f,t $|_{t=0}=c_{1}\iota_{u}+c_{2}\iota_{v}$ (10)
$(c_{1}, c_{2}\in R)$ .
$(\partial_{t}\xi_{f,t}|_{t=0} . \iota_{u}, \partial_{t}\xi_{f,t}|_{t=0} . \iota_{v})=-$$(\xi$ . $\partial_{t}$ (tf,t)$u|_{t=0}$ , $\xi$ . $)_{t}(\iota_{f,t})_{v}|_{t=0})=-(f_{u}, f_{v})$
, (10) $c_{1},$ $c_{2}$
$(\begin{array}{l}c_{1}c_{2}\end{array})=-\mathrm{C}GF)-1(\begin{array}{l}f_{u}f_{v}\end{array})$




$-\{$ $(\begin{array}{ll}\Gamma_{uu}^{u} \Gamma_{uv}^{u}\Gamma_{uv}^{u} \Gamma_{vv}^{u}\end{array})\iota_{u}+(\begin{array}{ll}\Gamma_{uu}^{v} \Gamma_{uv}^{v}\Gamma_{uv}^{v} \Gamma_{m}^{v}\end{array})$ $\iota_{v}\}1[\iota_{u}, \iota_{v}](\begin{array}{ll}E FF G\end{array})(\begin{array}{l}f_{u}f_{v}\end{array})$
(11)
$-\{$ $f_{u}+(\begin{array}{ll}\Gamma_{uu}^{v} \Gamma_{uv}^{v}\Gamma_{uv}^{v} \Gamma_{vv}^{v}\end{array})$ $f_{v}\}$
. (8), (9) (11) , (6) 2
$\frac{1}{2}\mathrm{t}\mathrm{r}\{(\begin{array}{ll}E FF G\end{array}) (\begin{array}{ll}f_{uu}-\Gamma_{uu}^{u}f_{uu}-\Gamma_{uu}^{v}f_{v} f_{uv}-\Gamma_{uv}^{u}f_{uu}-\Gamma_{uv}^{v}f_{v}f_{uv}-\Gamma_{uv}^{u}f-\Gamma_{uv}^{v}f_{v} f_{vv}-\Gamma_{vv}^{u}f-\Gamma_{m}^{v}f_{v}\end{array})$
-f(
-1
$(\begin{array}{ll}l mm n\end{array})$ ) $\}$ (12)
$= \frac{1}{2}\{\Delta f-(4H^{2}-2K)f\}$
. (7) (12) , (5) . (4) (5) ,
$\frac{dw_{f}}{dt}(0)=\int\int_{U}\{H\Delta f+2(H^{2}-K)Hf\}dA$ (13)
. Stokes , (13)
$\frac{dw_{f}}{dt}(0)=\int\int_{U}f\{\Delta H+2(H^{2}-K)H\}dA$ (14)
. $\iota$ Willmore $U$ (1)
. $p$ , $M$ (1) .
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$M$ (1) $\iota$ Willmore - $M$
, $M$ $\{$ ( $U_{i}$ , (ui, $v_{i}$ )) $\}_{i=1}^{m}$ $\{U_{i}\}_{i=1}^{m}$ $\{\chi_{i}\}_{i=1}^{m}$
. $\{$ ( $U_{i}$ , (ui, $v_{i}$ )) $\}_{i=1}^{m}$ $M$ . (4), (5)






. $M$ (1) , $(dw_{f}/dt)(0)=0$
. $\iota$ Willmore .
Willmore , $M$
: $f$ $p\in M$
$t\in R$ $\iota_{f}(p, t)=\iota(p)$ ,
Willmore . $M$
: $f$ $M$ .
$M$ Willmore
Euler-Lagrange (1) .
$X$ $R^{3}\cup\{-\}$ , $M$ $X\circ\iota$
, 1.2 $\iota$ Willmore $X\circ\iota$ Willmore
. , $M$ ,
$\infty\not\in X\circ\iota(M)$ , $\iota$ Willmore $X\circ\iota$ Willmore
([An]).
$M$ $(n-1)$ $(n\geqq 3)$ , $\iota$ :
$Marrow R^{n}$ $M$ K . $H$ $\iota$ $M$ .
$\mathcal{W}(\iota):=\int_{M}H^{n-1}dV$, $\mathcal{W}_{*}(\iota):=$ $/_{M}|H|^{n-1}dV$
, $dV$ $\iota$ $M$ .
Chen [C1] $\mathcal{W}_{*}(\iota)$ $(n-1)$ $\iota(M)$




$\Delta H"+$ {(n-1)(n-2)H2-S}H$n-2=0$ , (15)
S $\Delta$ $\iota$ $M$ $M$
Laplacian . $n=3$ (15) (1) .
3 Willmore S3
$M$ 2 , $\iota$ : $Marrow S^{3}$ $M$ 3 $S^{3}$
. $H$ $M$ $S^{3}$ . $\mathcal{W}_{1}$ (\iota )
$\langle$ :
$\mathcal{W}_{1}(\iota):=\int_{M}(H^{2}+1)$ dA (16)
( $M$ $H$ $M$ , $H^{2}$ $M$
(16) $\iota$ ). $\mathcal{W}_{1}$ 0
$S^{3}$ Willmore $|\iota_{1}$ : $S^{3}arrow R^{4}$ $S^{3}$ $R^{4}$
, $\iota_{1}(S^{8})=S^{3}(1)$ . $\iota_{1}\circ\iota$ $M$ $R^{4}$
, $M$ $R^{4}$ 2 (16)
$H^{2}+1$ ,
$\mathcal{W}_{1}(\iota)=\mathcal{W}(\sim 10\iota)$
. $p_{+}\not\in\iota_{1}\circ\iota(M)$ , 1.3
$\mathcal{W}_{1}(\iota)=\mathcal{W}(\pi 0\iota_{1}0\iota)$
. :
3.1([We]) $\iota$ : $Marrow S^{3}$ $M$ $S^{3}$ , $p_{+}\not\in\iota_{1}0\iota(M)$
. $\iota$ W lmore $\pi\circ\iota_{1}\circ\iota$ : $Marrow R^{3}$ Willmore
.
Weiner ( $S^{3}$ Willmore $\iota$ Euler-Lagrange
([We]):
$\Delta H+2(H^{2}-K_{1})H=0$ , (17)
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$K_{1}$ $M$ $S^{3}$ Weingarten ( $(1)$
). (17) , $S^{3}$ Willmore . $M$
$M$ $S^{3}$ ([La]) , 3.1
:
3.2([We]) $M$ , $M$ $R^{3}$ Willmore
.
3.2 $R^{3}$ Willmore ,
$S^{3}$ . $R^{3}$
Willmore $S^{3}$ $R^{3}\cup\{\otimes\}$
. Pin [Pi] $S^{3}$ Hopf
, $S^{3}$ Hopf $S^{2}$ Hopf $S^{3}arrow S^{2}$
( $S^{2}$ $S^{3}$ Hopf ). $S^{3}$ Hopf
. Pinkall [Pi] $S^{3}$ Hopf [ Willmore
Hopf $S^{3}$
. 3.1 Hopf $R^{3}$ Willmore
, :
3.3 ([Pi]) $R^{3}$ Willmore $S^{3}$
$R^{3}\cup\{\otimes\}$ .
$S^{3}$ ([A1]) , $R^{3}$
Willmore ( 4 5
).
4 Willmore
$M$ 2 , $M$ . $\iota$ :
$Marrow S^{n}$ $M$ $n$ $S^{n}$ . $G_{n}$ $S^{n}$
( $G_{n}$ $O$ ($n+1,1$) ). $\iota$ $M$ $\underline{n-\#_{\backslash }\Psi_{J}^{J}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}}A_{c}$(n, $\iota$)
:
$A_{\mathrm{c}}(n, \iota):=\sup_{X\in G_{n}}\int_{M}dA_{X}$,
dA $X\circ\iota$ $M$ . $M$
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$n$- $A_{c}$ (n, $M$) :
$A_{c}$ (n, $M$) $:= \inf${ $A_{c}($n, $\iota)$ ; $\iota$ : $Marrow S^{n}$ }.
Li-Yau :
4.1([LY]) $M$ 2 Riemann . $\lambda_{1}$ $M$
Laplacian 1 , dA $M$ . $M$ $S^{n}$
. :
$\lambda_{1}\int_{M}$ $dA\leqq 2A_{c}(n, M)$ .
, $M$ $M$ $S^{n}$
$\lambda_{1}=2$ .
$\iota$ : $Marrow S^{n}$ $M$ $n$ $S^{n}$ . $H$ $M$ $S^{n}$
. $\mathcal{W}_{1}(\iota)$ :
$\mathcal{W}_{1}(\iota):=\int_{M}(|H|^{2}+1)$ dA.




$A_{\mathrm{c}}(n, \iota)\leqq \mathcal{W}_{1}(\iota)$. (18)
1.3 (18) , Willmore :
4.2 ([LY]) $\iota$ : $Marrow R^{n}$ $M$ $R^{n}$ $(n\geqq 3)$ , $A_{e}$ (n, $M$) $\iota$
$M$ $n$- .
:
$\mathcal{W}(t)\geqq A_{c}(n, M)$ .
4.1 4.2 , :
4.3 $([\mathrm{L}\eta)M$ , $\iota$ : $Marrow R^{n}$ $M$ $R^{n}$ $(n\geqq 3)$
. $\mathcal{W}(\iota)\geqq 6\pi$ . $n\geqq 4$ $\iota(M)$ $S^{4}$
Veronese $R^{n}\cup\{\infty\}$ .
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4.3 , $n=3$ $\mathcal{W}(\iota)$ .
. :
4.4 ([LY]) $M$ 2 . $\iota$ : $Marrow R^{n}$ $M$
$R^{n}$ $(n\geqq 3)$ , $\iota(M)$ $\iota$ $k$ $(k\in \mathrm{N})$
. $\mathcal{W}(\iota)\geqq 4k\pi$ .
4.4 , $\mathcal{W}(\iota)<8\pi$ $\iota$ .
$M$ $n=3$ , 4.4 $k$ $\iota(M)$ 3
([Ba]). $\mathcal{W}(\iota)\geqq 12\pi$ . Kusner $\mathcal{W}(\iota)=12\pi$
$\iota$ : $Marrow R^{3}$ ([K1], [K2]). Bryant $\mathcal{W}$ $12\pi$
$R^{3}$ ([Br2]).
$M$ , $\mathcal{W}(\iota)=12\pi$ $\iota$ : $Marrow R^{3}$ Willmore
. 3.2 , 2
$R^{3}$ $\mathrm{W}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{m}\dot{\mathrm{o}}\mathrm{r}$e .
5 Willmore $R^{3}$
Kusner WiUmore $\iota$ $M$) $R^{3}$
. , $S$ $R^{3}$ .
$S$ Willmore Euler-Lagrange (1) , $S$
Willmore . $X$ $S$ .
$X$ (S) (
2 ). $X$ (S)
, Willmore .
$X$ (S) ? $R^{3}$
$S$ , $S$ $T$
:
(a) $S\backslash T$ ( $S$ $R^{3}$ )
(b) $S\backslash T$ $\Sigma$ , $R^{3}$ $P$ $P$ $D$ $\Sigma$
$P\backslash \overline{D}$ $f$ ;
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(c) $(x, y)$ $P$ , $f$ :
$f(x,y)=$ alog $(x^{2}+y^{2})+b+ \frac{cx}{x^{2}+y^{2}}+\frac{dy}{x^{2}+y^{2}}+O(\frac{1}{x^{2}+y^{2}})$ $((x,y)arrow\infty)$ ,
(19)
$a,$ $b,$ $c,$ $d$ ( .
5.1([S]) $S$ $R^{3}$ . (i), (ii)
:
(i) $S$ ;
(ii) $S$ $S$ .
$S$ . 3 $\underline{*\backslash \mathrm{f}\backslash \text{ }\mathrm{B}_{1}^{\mathrm{r}}\text{ }\backslash \backslash \text{ }}$ (
$\underline{*\backslash \underline{\mathrm{f}\mathrm{B}}\text{ }}$\mbox{\boldmath $\theta$}b $\text{ }$ ) , $S\backslash T$ (19)
$a$ 0 .
5.2([Brl]) $S$ $R^{3}$ . (i), (ii)
:
(i) $S$ $S$ ;
(ii) $X$ (S) .
Kusner Willmore
.
5.2 $X$ (S) , $S$
$S$ , $S$






. 5.1 , $S$ . $T$
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$S$ , $\Sigma$ $S\backslash T$ . $\Sigma$
, $P,$ $D,$ $f$ $(x, y)$ . $(x, y, z)$ $R^{3}$
. $X$ $R^{3}$ $\mathit{0}$ 1
:
$X(x, y, z):= \frac{1}{x^{2}+y^{2}+z^{2}}(x,y, z)$ .
$X$ (\Sigma ) $\mathit{0}$ $\Sigma_{0}$ . $\Sigma_{0}$ . $(u, v)$ $P\backslash \{\mathit{0}\}$
, :
$(u, v)= \frac{1}{x^{2}+y^{2}}(x,y)$ .
$(u, v)$ $\Sigma_{0}$ $\mathit{0}$ ,
$\mathit{0}$ $(u, v)=(0,0)$ . $\Sigma_{0}\backslash \{\mathit{0}\}$ $X$ (x, $y,$ $f$ (x, $y$)) 3
:
$\frac{f(x,y)}{x^{2}+y^{2}+f(x,y)^{2}}$ . (20)
$(u, v)$ , (20) :
$\frac{(u^{2}+v^{2})g(u,v)}{1+(u^{2}+v^{2})g(u,v)^{2}}(=:G(u, v))$ , (21)
$g(u,v):=$ -alog $(u^{2}+v^{2})+b+cu+dv+o((u^{2}+v^{2})^{1/2})$ $((u,v)arrow(0,0))$
. , $G$ $(0, 0)$ .








(a) 3.3 Willmore $S^{3}$ Hopf
, ,
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(b) 5.2 $\Sigma_{0}$ $\mathit{0}$
$\Phi(u, v):=\frac{1}{1+(u^{2}+v^{2})g(u,v)^{2}}(u, v, (u^{2}+v^{2})g(u, v))$
$(0, 0)$ , $\mathit{0}=\Phi(0,0)$ $\Sigma_{0}$
. , $S^{3}$ Clifford
.
$S$ R3 , .
5.1 , $S$ . $S$ ,
2 Riemann $\tilde{S}$ $\tilde{S}$ $\{p_{i}\}_{=1}^{m}\dot{.}$ $S$ $\tilde{S}\backslash \{p_{\dot{\iota}}\}_{i=1}^{m}$
$S$ Gauss $N$ $\tilde{S}$ ([ $\mathrm{O}$ , Lemma
9.5]). $S$ $N$ $S$ , $S$





6.1([An]) $S$ $R^{3}$ Willmore , $p_{0}$ $S$ .
$S$
$p_{0}$ 1/2 .
, $S$ $p_{0}$ 2 $F$
: $p_{0}$ $R^{3}$ $\mathit{0}$ $p_{0}$ $S$ $xy$
$R^{3}$ $(x, y, z)$ , $xy$ $(0, 0)$
$F$ $S$ $p_{0}$ . $F$ ,






( 6.1 : $\mathit{0}$ $F$
$r_{F}(0,0)=t_{F}(0,0)$ $s_{F}(0,0)=0$ , $r_{F}(0,0)\neq 0$ ,
$(0, 0, 2/r_{F}(0,0))$ $2/|r_{F}(0,0)|$ $X$ $F$
, (a) $\mathit{0}$ $xy$ Wfflmore , (b) $\mathit{0}$
, (c) $X$ $F$ ).
$F$ , 3 $k_{F}$ 2 $k_{F}$ $g_{F}$
$(0, 0)$ $F=g_{F}+o((x^{2}+y^{2})^{k_{F}/2})$ . [An]
, [HW1] :
6.2([HWl]) $\Phi$ $R^{8}$ $D$ 8 $x,$ $y,$ $z,$ $p,$ $q,$ $r,$ $s,$ $t$
, $D$ :
$\frac{\partial\Phi}{\partial r}\frac{\partial\Phi}{\partial t}-\frac{1}{4}(\frac{\partial\Phi}{\partial s})^{2}>0$ .
$f_{0},$ $f_{1}$ $R^{2}$ $(0, 0)$ $U$ , $(x,y)\in U$
$i=0,1$ :
$(x,y, f:,p_{f:}, q_{f}:’ r_{f_{*}}., s_{f:}, t_{f}):\in D$ , $\Phi$ (x, $y,$ $f:,p_{f_{*}}.,$ $q_{f_{i}},$ $r_{f}s_{f}t_{J:}$ )$:’:’=0$
( $f_{i},$ $p_{f}‘’ q_{j_{i}},$ $\ldots$ , $(x,$ $y)$ ). $f_{0}(0,0)$ $=f_{1}$ (o, 0) $U$
$f_{0}\not\equiv f_{1}$ . $f_{1}-f_{0}$ $(0, 0)$
.
$F$ Gauss $K_{F}$ $H_{F}$ ,
:
$K_{F}= \frac{r_{F}t_{F}-s_{F}^{2}}{(1+p_{F}^{2}+q_{F}^{2})^{2}}$ , $H_{F}= \frac{(1+p_{F}^{2})t_{F}-2p_{F}q_{F}s_{F}+(1+q_{F}^{2})r_{F}}{2(1+p_{F}^{2}+q_{F}^{2})^{3/2}}‘$. (24)
(23) (24) , $H_{F}(0,0)=0$ . $H_{F}\equiv 0$ , $F$
. $F$
$g_{F}$ . $H_{F}\not\equiv 0$ .
(1) , $f:=H_{F}$ $\{\Delta+2(H_{F}^{2}-K_{F})\}f$ =0 .
, $f:=0$ . 6.2 , $H_{F}$ $(0, 0)$
. (24)
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, $F$ $g_{F}$ . $F$ $gp$
, $F$ . (1) (24)
, $F$ 4 .
, 14 $\Psi$ :
$\Psi(\frac{\partial F}{\partial x},$ $\frac{\partial F}{\partial y},$
$\frac{\partial^{2}F}{\partial x^{2}},$
$|\cdot\cdot,$
$\frac{\partial^{4}F}{\partial x\partial y^{3}},$ $\frac{\partial^{4}F}{\partial y^{4}})=0$ .
[Pe] , $F$ . $F$ $g_{F}$
. $g_{F}$ , $S$ $p_{0}$ 1/2
.
6.1 Willmore
:Kusner Willmore 1/2 .
[HW2] , Hartman-Wintner Wein-
garten $S$ . $S$
$p_{0}$ 2 $F$ : $p_{0}$ $R^{3}$ $\mathit{0}$
, $xy$ $(0, 0)$ $F$ (22)





, 6.2 $F$ 3 $k_{F}$
2 $k_{F}$ $g_{F}$ $(0, 0)$ $F=\sigma_{F}+g_{F}+o((x^{2}+$








7.2 $C_{z},$ $C_{p},$ $C_{q},$ $C_{r},$ $C_{s},$ $C_{t}$ $R^{2}$ $(0, 0)$ $U$ , $U$
$C_{r}C_{t}-C_{s}^{2}/4>0$ . $U$ $(u, v)$
$A,$ $B,$ $C$ , $f$ $U$
$C_{z}f+C_{\mathrm{p}} \frac{\partial f}{\partial x}+C_{q}\frac{\partial f}{\partial y}+C_{r}\frac{\partial^{2}f}{\partial x^{2}}+C_{s}\frac{\partial^{2}f}{\partial x\partial y}+C_{t}\frac{\partial^{2}f}{\partial y^{2}}=0$
$f$ $U$
$\frac{\partial^{2}f}{\partial u^{2}}+\frac{\partial^{2}f}{\partial v^{2}}+A\frac{\partial f}{\partial u}+B\frac{\partial f}{\partial v}+Cf=0$
-
$U$ $C_{r}>0$ . $U$ $C_{r}C_{t}-C_{s}^{2}/4>0$
,
$g:=( \frac{C_{t}}{C_{r}C_{t}-C_{s}^{2}/4})dx^{2}+2(\frac{(-C_{\theta}/2)}{C_{r}C_{t}-C_{s}^{2}/4})dxdy+(\frac{C_{r}}{C_{r}C_{t}-C_{s}^{2}/4})dy^{2}$
$U$ Riemann . $(u, v)$
:(u, $v$ ) $U$ , $U$ $\lambda$ $\lambda>0$
$g=\lambda(du^{2}+dv^{2})$ . $\Delta_{g}$ $g$ $U$ Laplacian . $\Delta_{g}$
$(x, y)$ :
$\Delta_{g}=C_{r}\frac{\partial^{2}}{\partial x^{2}}+C_{s}\frac{\partial^{2}}{\partial x\partial y}+C_{t}\frac{\partial^{2}}{\partial y^{2}}+C_{p}’\frac{\partial}{\partial x}+C_{q}’\frac{\partial}{\partial y}$,
$C_{\mathrm{p}}’,$ $C_{q}’$ $U$ ; $\Delta_{g}$ $(u, v)$
:
$\Delta_{g}=\frac{1}{\lambda}(\frac{\partial^{2}}{\partial u^{2}}+\frac{\partial^{2}}{\partial v^{2}})$ .
$U$
$C_{f} \frac{\partial^{2}}{\partial x^{2}}+C_{s}\frac{\partial^{2}}{\partial x\partial y}+C_{t}\frac{\partial^{2}}{\partial y^{2}}=\frac{1}{\lambda}(\frac{\partial^{2}}{\partial u^{2}}+\frac{\partial^{2}}{\partial v^{2}})+A’\frac{\partial}{\partial u}+B’\frac{\partial}{\partial v}$
$A’,$ $B’$ . $U$
$C_{p} \frac{\partial}{\partial x}+C_{q}\frac{\partial}{\partial y}=A’’\frac{\partial}{\partial u}+B’’\frac{\partial}{\partial v}$
$A”,$ $B$” . $f$ $U$
$C_{z}f+C_{p} \frac{\partial f}{\partial x}+C_{q}\frac{\partial f}{\partial y}+C_{r}\frac{\partial^{2}f}{\partial x^{2}}+C_{s}\frac{\partial^{2}f}{\partial x\partial y}+C_{t}\frac{\partial^{2}f}{\partial y^{2}}=0$
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$U$
$\frac{1}{\lambda}$ ( $\frac{\partial^{2}f}{\partial u^{2}}+\frac{\partial^{2}f}{\partial v^{2}}$) $+(A’ +A \prime\prime)\frac{\partial f}{\partial u}+(B’ +B\prime\prime)\frac{\partial f}{\partial v}+Czf=0$
.
$A:=\lambda(A’+A\prime\prime)$ , $B:=\lambda(B’+B\prime\prime)$ , $C:=\lambda$G,
, 7.2 .
7.1 7.2 , 6.2
:
7.3([HWl]) $A,$ $B,$ $C$ $f[]\mathrm{h}R$2 $(0, 0)$ $U$ ,
$U$
$r_{f}+t_{f}+Ap_{f}+Bq_{f}+Cf=0$ (25)
. $f(0,0)=0$ $U$ $(0, 0)$
$f\not\equiv 0$ , $f$ $(0, 0)$
.
$z,$ $w$ $W$ :
$z:=x+\sqrt{-1}y$ , $w:=q_{f}+\sqrt{-1}p_{f}$ , $W:=Ap_{f}+Bq_{f}+Cf$.
$D$ $\mathrm{R}^{2}$ , $\overline{D}\subset U$ $D$ .




$\int_{\partial D}gwdz=\int\int_{D}gWdxdy+\sqrt{-1}\int\int_{D}w(p_{g}+\sqrt{-1}q_{g})dxdy$ . (26)
$r>0$ $(x, y)\in \mathrm{R}^{2}$ , :
$D_{r}((x,y)):=\{(x’,y’)\in \mathrm{R}^{2}|(x’-x)^{2}+(y’-y)^{2}<r^{2}\}$ .
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$R$ $D_{R}((0, \mathrm{O}))\subset U$ . $(\xi, \eta)$ $D_{R}((0,0))\backslash \{(0,0)\}$ ,
$\zeta:=\xi+\sqrt{-1}\eta$ $\epsilon>0$ $0<\epsilon<|\zeta|/2$ $\epsilon<R-|\zeta|$
. (26) , :
$D:=D_{R}((0,0))\backslash \{\overline{D_{\epsilon}((0,0))}\cup\overline{D_{\epsilon}((\xi,\eta}))\}$ , $g:= \frac{1}{z^{k}(z-\zeta)}$ ,
$k\in \mathrm{N}$ . $\overline{D}$ $g$
,







$(( \xi,\eta))gwdz=\int\int_{D}$ gWdxdy (27)
. $w$ , Cauchy (27) 3 $\epsilonarrow 0$
$-2\pi\sqrt{-1}w(\xi, \eta)/\zeta^{k}$ :
- $\lim_{\mathrm{g}arrow 0}\int_{\partial D_{\mathrm{e}}((\xi,\eta))}$ $gwdz=-2 \pi\sqrt{-1}\frac{w(\xi,\eta)}{\zeta^{k}}$. (28)
$\lceil f$ $(0, 0)$ . (27)
2 $\epsilonarrow 0$ 0 :
-l$\mathrm{i}$IW $\int_{\partial D_{e}((0,0))}$ $gwdz=0$ . (29)













$2 \pi 7\int_{D_{R}((0,0))}|\frac{w(\xi,\eta)}{\zeta^{k}}|d\xi d\eta\leqq\frac{4\pi}{R^{k-1}}\int_{\partial}$
DR








. $(x, y)\in D_{R}((0,0))$
$f(x, y)= \int_{0}^{1}(p_{f}(tx,ty)x+q_{f}(tx,ty)y)dt$
, :
$|$ f(x, $y$ ) $| \leqq\int_{0}^{1}|$ zw(tx, $ty$) $|dt$ . (32)




$R<1$ , (33) :
$\int\int_{D_{R}((0,0))}|\frac{f}{z^{k}}|dxdy\leqq\int\int_{D_{R}((0,0))}|\frac{w}{z^{k-1}}|dxdy\leqq\int\int_{D_{R}((0,0))}|\frac{w}{z^{k}}|dxdy$ . (34)
(31) (34) , $k\geqq 3$ $R\in(0,1)$ :
$2 \pi(1-4c_{0}R)\int\int_{D_{R}((0,0))}|\frac{w}{z^{k}}|dxdy\leqq\frac{4\pi}{R^{k-1}}\int_{\partial D_{R}((0,0))}|$w $||$dz $|$ . (35)
$1-4c_{0}R>0$ . $w(x_{0},y_{0})\neq 0$ $D_{R}((0,0))$
$(x_{0}, y_{0})$ . $c_{1}>0$ , $k\geqq 3$
(35) $c_{1}/(x_{0}^{2}+y_{0}^{2})^{k/2}$ . , $c_{2}>0$ , $k\geqq 3$
(35) $c_{2}/R^{k}$ . $k\geqq 3$ , :
$\frac{c_{1}}{c_{2}}\leqq(\frac{\sqrt{x_{0}^{2}+y_{0}^{2}}}{R})^{k}$ (36)
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(36) $karrow\infty$ 0 .
, D $((0, 0))$ $w\equiv 0$ . $f(0,0)=0$ D $((0, 0))$
$f\equiv 0$ , . $f$ $(0, 0)$
.
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